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Abstract 
Energy law of similitude for laser propulsion refers to the law that there is an optimum nozzle configuration for the largest 
value of impulse coupling coefficient at certain incident laser energy. A dimensionless factor combined with incident laser energy, 
nozzle configuration parameters and working gas parameters is introduced. Energy law of similitude is established by means of 
theoretical analysis, experimental study and numerical simulation of radiation gas-dynamics. The qualitative results obtained 
from theoretical analysis are verified by experimental and numerical results. Physical meaning and engineering application of 
dimensionless factor and energy law of similitude are analyzed. Results indicate that ķ impulse coupling coefficient has a max-
imum value with dimensionless factor of about 0.4; ĸ impulse coupling coefficient is independent of incident laser energy when 
dimensionless factor is constant. Conclusions and recognitions acquired in this article can not only present optimum nozzle con-
figurations for the present laser energy level, but also provide a good guide for the optimum nozzle configuration design once the 
laser energy is amplified to a high level. 
Keywords: laser propulsion; law of similitude; repetitively-pulsed mode; conical nozzle; parabolic nozzle; impulse coupling coefficient 
1. Introduction1 
Nozzle design is very difficult for laser propulsion 
in repetitively-pulsed mode. Researchers have de-
signed and optimized nozzle configurations numeri-
cally and experimentally for constant laser energy such 
as 100 J[1-8]. However, the optimum nozzle configura-
tion for 100 J will be no more applicable when inci-
dent laser energy changes to 1 000 J or even higher 
energy conditions in the future engineering practice. 
Moreover, a great number of the existing experimental 
data cannot provide reference for nozzle design in new 
conditions. 
For traditional rockets, when external gas-dynamics 
characteristics need to be confirmed, similitude theory 
can be used to deduce gas-dynamics parameters of 
prototype with experimental data of scale model ob-
tained from wind tunnel. According to this method, if 
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energy law of similitude for propulsion performance, 
such as invariance or similitude of impulse coupling 
coefficient in different laser energy conditions, is es-
tablished for laser propulsion, the present difficulties 
in nozzle design can be overcome. 
In this article, energy law of similitude for laser 
propulsion in repetitively-pulsed mode contains three 
aspects, i.e., similar rules of optimizing nozzle, speci- 
fic energy and impulse coupling coefficient. 
Among different geometrical performances of noz-
zles for air-breathing laser propulsion in repeti-
tively-pulsed mode, conical nozzles which correspond 
to linearity characteristics have been mainly discussed. 
Methods of theoretical analysis, experimental study 
and numerical simulation of radiation gas-dynamics 
are used to introduce a dimensionless factor and build 
energy law of similitude. The dimensionless factor is 
related to incident laser energy, laser energy deposition 
rate, nozzle configuration parameters and working gas 
initial parameters. Furthermore, the conclusion is ex-
tended to parabolic nozzles by numerical simulation. 
The calculated results of the two geometries are com-
pared with each other at the same dimensionless factor. 
Finally, based on the energy law of similitude, propul-
sion performance and nozzle configuration have been Open access under CC BY-NC-ND license.
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optimized and designed. The models and methods es-
tablished in this article can be directly used not only in 
revealing energy conversion for laser propulsion and 
working mechanism of laser thruster, but also in study-
ing propulsion performance of other complex nozzles, 
such as nozzle configuration optimization, flight 
height design, working gas choice, laser parameters 
design and so on. 
2. Analysis on Energy Law of Similitude 
2.1. Basic assumptions 
When laser energy in the left is deposited at the 
apex of a conical nozzle with the irradiation of a single 
laser pulse, a high-temperature and high-pressure 
plasma region is formed, and then shock wave comes 
into being (see Fig.1). Strong shock wave flow field 
formed by one-dimensional spherically-symmetric 
point-focusing explosion is used to depict self-similar 
theory[9]. 
 
Fig.1  Sketch of a conical nozzle and sphere shock wave. 
The disturbed gas density U, pressure p and velocity 
u behind spherical shock wave (i.e. Region 3 in Fig.1) 
are the functions of dimensionless velocity u [10]. 
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where J is specific heat ratio, Us, ps and us are the den-
sity, pressure and velocity closest behind shock wave 
(i.e. Region s in Fig.1) respectively, which can be writ-
ten as 
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where U0 is the undisturbed gas density in front of 
shock wave (i.e. Region 1 in Fig.1), and Vs the propa-
gating velocity of shock wave. 
Suppose that cone angle is 2T and generatrix length 
(i.e. nozzle length) is R for the conical nozzle, incident 
laser energy is Ein, and laser energy deposition rate is 
Kde. The shock wave propagating distance and velocity 
are 
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where I1 is a constant only related to specific heat ratio, 
r the distance from cone apex (0 d r d Rs) and F the 
thrust. Contribution of exhaust and refill stage is ig-
nored here. Analytical equations of flow field parame-
ters are used to deduce propulsion performance pa-
rameters, regarding pressure difference of nozzles out-
side and inside in the axis direction as thrust. 
2.2. Dimensionless factor construction 
A dimensionless factor R  is defined as ratio of noz-
zle length R and radius of a characteristic spherical 
wave R*[11], namely 
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where p0 is the undisturbed gas pressure in front of 
shock wave. R  is related to  incident laser parame-
ters Ein and Kde, nozzle configuration parameters 2T 
and R, and initial parameter p0 of working gas. 
2.3. Impulse and impulse coupling coefficient 
Suppose the time when shock wave arrives at the 
cone exit is tarr. From Eqs.(1)-(7), impulse I and im-
pulse coupling coefficient Cm within 0-tarr can be ex-
pressed by cone angle 2T and dimensionless factor R  
as follows: 
 arr
0
d
t
I F t ³   (8) 
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where I2 and I3 are two constants only related to spe-
cific heat ratio, and c0 is the undisturbed gas sonic ve-
locity in front of shock wave. Eq.(8) is the impulse 
definition equation. 
2.4. Theoretical results 
From the partial derivative of Eq.(9) for R , it can 
be obtained that I and Cm have maximums, they are 
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The dimensionless factor corresponding to the 
Eq.(10) is named impulse similar factor optR : 
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Energy law of similitude given by impulse similar 
factor is that: ķ impulse similar factor is independent 
of incident laser energy, nozzle cone angle, working 
gas initial parameters and so on, while only related to 
specific heat ratio of working gas; ĸ the variable rule 
of impulse coupling coefficient with the dimensionless 
factor and the maximums are both independent of in-
cident laser energy and nozzle cone angle; Ĺ impulse 
coupling coefficient decreases with the augment of 
cone angle when the dimensionless factor remains 
constant. 
Fig.2 shows the theoretical curves between Cm and 
R  for 2T = 60q, 90q and 120q (U0 =1.225 kg/m3,    
p0 =1.013 25u105 Pa, Kde = 50%, J =1.4). 
 
Fig.2  Deduced Cm vs R . 
3. Experiment on Energy Law of Similitude 
3.1. Nozzle designing and machining 
The inner surface of conical nozzle is determined by 
cone angle and nozzle length. We have machined 15 
kinds of inner surfaces with three kinds of cone angles 
(2T = 60q, 90q and 120q), and each angle has five dif-
ferent lengths. Nozzles with the same cone angle but 
different lengths are designed to be a set of assembled 
accessories of a ladder shape. Fig.3 shows three pho-
tographs of a nozzle with cone angle being 120q, in 
which (a) is outside, (b) inside and (c) assembled with 
swing pole. 
 
  (a) Outside           (b) Inside          (c) Assembled 
Fig.3  Photographs of a nozzle with 2T =120q. 
3.2. Experimental results 
Experimental system and setup can be seen in 
Ref.[12]. Fig.4 shows the experimental data of Cm. 
They are obtained for nozzles with three cone angles 
(2T = 60q, 90q and 120q) and five lengths at each angle 
on condition that Ein is 30 J and 60 J, respectively. Da-
ta at the same cone angle are fitted and the dash line in 
Fig. 4 represents optR = 0.41 (J =1.4). 
 
Fig.4  Measured Cm vs R . 
It can be seen from Fig.4 that the measured impulse 
coupling coefficient falls within the range of 50-130 
N/(MW) when cone angle is within the range of 
60q-120q[1-6], has a maximum with optR being 0.41 in 
the case of constant cone angle, and decreases with 
augment of cone angle nearly independent of incident 
laser energy in the case of constant dimensionless fac-
tor. The measured qualitative results agree with pre-
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dicted energy law of similitude by analysis. 
4. Simulation on Energy Law of Similitude 
4.1. Physical models 
Radiation transport equation is simplified as[9,11] 
 in in
d
d
I I
l Q
P   (12) 
where Iin is laser radiation intensity, which is a func-
tion of laser propagating distance and time, l the dis-
tance in laser propagating direction, and PQ gas ab-
sorption coefficient to laser energy. 
With gravitation and external thermal sources ig-
nored, conservation compressible hydrodynamic equa-
tions in a rectangular coordinate system can be seen in 
Refs.[13]-[14]. It is necessary to solve both radiation 
transport equation and hydrodynamic equations simul-
taneously for simulating laser deposition process, 
while only to solve hydrodynamic equations for simu-
lating shock wave flow field after laser energy inject-
ing terminates. 
Radiation hydrodynamic equations include hydro-
dynamic mass and momentum equations, and radiation 
energy equation obtained from adding absorptive laser 
energy and subtracting radiant energy by high tem-
perature gas to the hydrodynamic energy equation. 
Radiation energy equation is 
    L RdivE E p Q Qt Uw    w V  (13) 
where E is specific total energy, V velocity vector, 
and QL and QR  are the absorptive laser energy and 
radiant energy loss by gas per unit of time and volume, 
respectively. Units of QL and QR are both J/(m3s). 
Based on the supposition that the air is high tem-
perature equilibrium gas[13], a local balance hypothesis 
is used to solve closed equations. Geometrical optics 
approach is applied to deal with laser propagating 
process, and laser beam is dispersed to some rays by a 
power division dispersion mode[15-16]. The characteri-
zation parameters of each ray such as space positions 
and carried power are gained for energy source terms 
calculation. 
4.2. Conical nozzles and boundary conditions 
There are three sets of conical nozzles with different 
2T =60q, 90q and 120q for simulation, each corre-
sponding to five dimensionless factors, R = 0.2, 0.3, 
0.4, 0.5 and 0.6. Different R  means different R when 
p0, Ein and Kde are all constant. The same computa-
tional domain which is divided into three subdomains 
is adopted for conical nozzles at the same cone angle 
but different lengths. Computational domain and 
boundary conditions for nozzles with 2T = 60q are 
shown in Fig.5. Nozzle length is altered through 
changing boundary condition of the real line sec-
tions[17]. Sections A-C are slip walls, while D and E are 
interfaces for the nozzle with R = 0.4. 
 
(a) Three subdomains 
 
(b) Wall areas 
Fig.5  Computational domain and boundary conditions for 
five conical nozzles with 2T =60q. 
4.3. Parabolic nozzles and boundary conditions 
A laser beam is focused by lens of which energy is 
deposited at the apex of a parabolic nozzle. Sketch of 
the parabolic nozzle is shown in Fig.6. The parabolic 
nozzle configuration is determined by axial length Zaxis 
and exit radius Rexit definitely. The two parameters 
both satisfy parabolic equation r2 = 2p'z, where p' is 
called shape factor of parabolic nozzle. 
 
Fig.6  Sketch of a parabolic nozzle. 
Taking notice of point-focusing characteristics, a 
dimensionless factor L  for parabolic nozzles is in-
troduced and defined as ratio of length L and the char-
acteristic length L*, just as conical nozzles, namely 
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where M is the included angle of line OG and axis z, 
and L the length of line OG. They are expressed as 
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Domain division algorithm and structure grids are 
applied to calculating parabolic nozzles fluid field, too. 
Boundary conditions can be seen in Ref.[18], while 
CO2 laser beam is irradiated from the left and nozzle 
exit lies in the negative direction of the axis in this 
article.  
4.4. Initial conditions 
A grid closest to the apex in Subdomain 1 is sup-
posed to be broken down at 0.99 Ps, and its tempera-
ture rises to 20 000 K immediately. Incident laser en-
ergy is deposited with inverse bremsstrahlung absorp-
tion mechanism, and then succedent physical processes 
occur. Laser beam is dispersed into 100 rays. Beam 
diameter is smaller than lens diameter, and included 
angle of two outermost rays is smaller than 2T . Table 
1 shows parameters of incident laser beam and lens. 
Diffraction in laser propagation is considered and airy 
disk diffraction limit is three. According to real pulse 
waveform measured by experiments[19-20], pulse wave-
form for calculation is fitted by least-squares proce-
dure. 
Table 1 Parameters of incident laser beam and lens 
Laser 
diameter 
/mm 
Laser 
energy 
/J 
Pulse 
width 
/Ps 
Laser 
wave-
length 
/Pm 
Lens 
diameter 
/mm 
Lens 
focus 
/mm 
40 32.5 10 10.6 100 300 
4.5. Numerical results 
Fig.7 shows the relationship between calculated Cm 
and the dimensionless factor for conical and parabolic 
nozzles. It can be seen that not only for conical nozzles 
but also for parabolic nozzles, impulse coupling coef-
ficient has a maximum of the dimensionless factor, 
while there is a small difference in impulse similar 
factor, for conical nozzles optR = 0.41 and parabolic 
nozzles optL = 0.37. In addition, it is obvious that Cm 
decreases with the augment of angle (2T /M) and is 
nearly independent of incident laser energy at constant 
dimensionless factor. The calculated qualitative results 
agree well with predicted energy law of similitude. 
 
(a) For conical nozzles 
 
(b) For parabolic nozzles 
Fig.7  Calculated Cm vs R  or L . 
Calculated results of conical nozzles are compared 
with their predicted and measured results in quantity. 
The similitude and impulse similar factors gained by 
three ways are consistent. Calculated data of impulse 
coupling coefficient are smaller than predicted ones 
and bigger than measured ones. The reason of differ-
ence in values is that in the analysis, an ideal gas mod-
el is used and real gas effects are ignored such as var-
ious viscous, friction, thermal conductivity and so on, 
while in numerical simulation a high-temperature equi-
librium gas model is used. 
5. Physical Meaning of Dimensionless Factor   
and Energy Law of Similitude 
Laser energy deposited inside nozzle is EinKde when 
incident laser energy is Ein. In order to disclose physi-
cal meaning of energy law of similitude, the specific 
energy dimensionless factor x is introduced and de-
fined as ratio of average specific energy deposited in-
side nozzle HL and working gas initial specific energy 
H0, namely 
 
 L
3
0
3 1
4ʌx R
JH
H
   (16) 
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where 
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Energy law of similitude shows that impulse cou-
pling coefficient has a maximum when nozzle length 
equals to an optimum length. Substitute optR R   
0.41 to Eq. (16), we can get 
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opt
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4ʌx x R
J J     (17) 
where xopt is called specific energy similar factor. Sub-
stitute J =1.4 to Eq.(17) and get x = 1.4, x = 1.0 when J 
=1.3, and x = 0.7 when J =1.2. The results indicate that 
nozzle length is an optimum size and impulse coupling 
coefficient reaches maximum, when average specific 
energy deposited inside nozzle is 3.46(J 1) times of 
working gas initial specific energy. Furthermore, the 
bigger the working gas specific heat ratio is, the bigger 
the specific energy similar factor becomes. 
This conclusion is only related to working gas spe-
cific heat ratio, while independent of incident laser 
energy, nozzle cone angle, working gas initial parame-
ters and so on. 
6. Engineering Application of Energy Law of Si-
militude 
Nozzle configuration design can be based on energy 
law of similitude for laser propulsion in repetitively-
pulsed mode acquired in this article. 
Taking air-breathing conical nozzles for example, 
energy law of similitude can be applied to nozzle de-
sign directly. Performance becomes better when cone 
angle is smaller, and nozzle length can be determined 
by impulse similar factor. 
Under standard atmospheric condition, working gas 
density and pressure are chosen as U0 =1.225 kg/m3 
and p0 =1.013 25u105 Pa. The maximums of impulse 
coup- ling coefficient Cmímax for five cone angles are 
shown in Table 2. If the maximum of impulse coupling 
coefficient for constant cone angle and different inci-
dent laser energy is expected, nozzle length must meet 
the following expression: 
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p
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T
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 (18) 
Table 2 Conical nozzle design parameters 
R/mm 2T /(q) Cm-max /(N(MW)í1) 
Ein=60 J Ein=600 J
15 410 168 363.0 
30 405 106 229.0 
60 384 67 145.0 
90 352 52 112.0 
120 309 43  93.5 
Table 2 shows nozzle lengths corresponding to 
Ein=60 J and 600 J for the above five cone angles. 
Analyzing the data in Table 2, it can be found that 
the effect of cone angle decreasing on impulse coup- 
ling coefficient increasing attenuates gradually. The 
smaller the cone angle is, the smaller the nozzle length 
becomes. For example, impulse coupling coefficient 
has reached 98.3% of the theoretical maximum when 
cone angle is 30q, while impulse coupling coefficient 
only increases by 1% when cone angle decreases to 
15q. At the same time, nozzle length increases from 
106 mm to 168 mm corresponding to laser energy 60 J, 
and from 229 mm to 363 mm corresponding to 600 J. 
With cone angle decreasing, augment of impulse 
coupling coefficient is slow, whereas augment of noz-
zle length is rapid. According to the characteristics, if 
cone angle is decreased randomly in order to increase 
impulse coupling coefficient, then nozzle length must 
be increased greatly. That will pose a problem, i.e., if 
the impulse increase gained by decrease in cone angle  
is not so much, then the nozzle mass goes down greatly, 
which will lead to a decrease in thrust-weight ratio of 
engine. Therefore, in engineering design, cone angle 
can be selected as 30q for conical nozzles. Nozzle 
length can be optimized as 106 mm and 229 mm for 
30q cone angle corresponding to incident laser energy 
60 J and 600 J respectively, and the corresponding 
impulse coupling coefficients are both 405 N/(MW). 
7. Conclusions 
In this article, three methods including theoretical 
analysis, experiment study and numerical simulation 
are used to study impulse coupling coefficient of con-
ical and parabolic nozzles systematically. Similar fac-
tors are introduced to build the following similar rules 
of optimizing nozzle, specific energy and impulse 
coupling coefficient for laser propulsion in repeti-
tively-pulsed mode. 
(1) Similar rule of optimizing nozzle. Impulse simi-
lar factor gives optimum nozzle configuration, which 
corresponds to maximal impulse and impulse coupling 
coefficient. Impulse similar factor is only related to 
working gas specific heat ratio, while independent of 
incident laser energy, nozzle cone angle, working gas 
initial parameters and so on. 
(2) Similar rule of specific energy. Average specific 
energy deposited inside nozzle is always 3.46(J 1) 
times of working gas initial specific energy for opti-
mum nozzles, while independent of incident laser en-
ergy, nozzle cone angle, working gas initial parameters 
and so on. 
(3) Similar rule of impulse coupling coefficient. The 
maximum of impulse coupling coefficient is inde-
pendent of incident laser energy for optimum nozzles, 
while only related to nozzle cone angle and working 
gas initial parameters. 
No.6 Hong Yanji et al. / Chinese Journal of Aeronautics 22(2009) 583-589 · 589 · 
 
References 
[1] Simons G A, Pirri A N. The fluid mechanics of pulsed 
laser propulsion. AIAA Journal 1977; 15(6): 835-842. 
[2] Myrabo L N, Messitt D G, Mead F B Jr. Ground and 
flight tests of a laser propelled vehicle. AIAA-1998- 
1001, 1998. 
[3] Tang Z P, Gong P, Hu X J, et al. Experimental investi-
gation on air-breathing mode of laser propulsion. AIP 
Conference Proceeding of 2nd International Sympo-
sium on Beamed Energy Propulsion. 2004: 23-30. 
[4] Xu S S, Wu Z N, Li Q, et al. Hybrid continuum/DSMC 
computation of rocket mode lightcraft flow in near 
space with high temperature and rarefaction effect. 
Computer and Fluids 2009; 38(7): 1394-1404. 
[5] Tang Z P, Gong P, Hu X J, et al. Experimental investi-
gation on air-breathing mode of laser propulsion. Acta 
Aeronautica et Astronautica Sinica 2005; 26(1): 13-17. 
[in Chinese] 
[6] Cui C Y, Hong Y J, Wang J, et al. Influence of focusing 
system structure on propulsion performance of laser 
thruster. Chinese Journal of Lasers 2006; 33(6): 
739-742. [in Chinese] 
[7] Zhao H B, Hong Y J, Li Q. Effects of the nozzle con-
figuration and ignition position on momentum coupling 
coefficient in laser propulsion. Lasers in Engineering 
2007; 17(1-2): 117-125. 
[8] Cao Z R, Hong Y J, Wen M, et al. Effects of inlet states 
on impulse coupling coefficient for air-breathing laser 
propulsion. Acta Aeronautica et Astronautica Sinica 
2009; 30(1): 21-29. [in Chinese] 
[9] Sedov L I. Similarity and dimensional methods in me-
chanics. Beijing: Science Press, 1982. [in Chinese] 
[10] Tong B G, Kong X Y, Deng G H. Gas dynamics. Bei-
jing: Higher Education Press, 1990. [in Chinese] 
[11] Zel’ dovich Y B, Raizer Y P. Physics of shock waves 
and high-temperature hydrodynamics phenomena. Bei-
jing: Science Press, 1980. [in Chinese] 
[12] Cao Z R, Hong Y J, Wen M. Effects of conical nozzle 
configuration on impulse coupling coefficient in re-
petitively-pulsed laser propulsion. Optoelectronics Let-
ters 2009; 5(3): 190-193. 
[13] Li Q, Hong Y J, Cao Z R. Numerical simulation of 
thrust generating mechanism for air-breathing laser 
propulsion. Explosion and Shock Waves 2006; 26(6): 
550-555. [in Chinese] 
[14] Li Q, Wen M, Cao Z R, et al. Effect of inflow on im-
pulse coupling coefficient of air-breathing lightcraft. 
Journal of Propulsion Technology 2007; 28(5): 485- 
488. [in Chinese] 
[15] Wen M, Hong Y J, Li Q. Study of the focus character-
istics of the laser lightcraft. Journal of the Institute of 
Equipment Command and Technology 2003; 14(3): 
93-97. [in Chinese] 
[16] Li Q, Hong Y J, Cao Z R, et al. Influence of the wall 
roughness and the intensity distribution of the incident 
laser on the focusing characteristics of lightcraft. Jour-
nal of the Institute of Command and Technology 2004; 
15(4): 94-97. [in Chinese] 
[17] Cao Z R. Investigation of propulsion performance and 
energy law of similitude for air-breathing laser propul-
sion in repetitively-pulsed mode. PhD thesis, the 
Academy of Equipment Command and Technology, 
2009. [in Chinese] 
[18] Cao Z R, Hong Y J, Wen M, et al. Numerical simula-
tion of velocity and altitude characteristics for air- 
breathing laser propulsion. Journal of Propulsion 
Technology 2007; 28(5): 489-494. [in Chinese] 
[19] Zuo D L, Lu H, Cheng Z H. Studies on a 100-joule- 
class UV-preionized TEA CO2 laser. Proceedings of 
SPIE 5777. 2005: 442-445. 
[20] Wen M, Hong Y J, Wang J, et al. Effects of laser pulse 
waveform on lightcraft performance. Chinese Journal 
of Lasers 2006; 33(8): 1038-1042. [in Chinese] 
Biography: 
Hong Yanji  Born in 1963, she received Ph.D. degree from 
National University of Defense Technology in 1997, and 
then became a teacher in Academy of Equipment Command 
and Technology. Her main research interest is advanced pro-
pulsion technology. 
E-mail: hongyanji@vip.sina.com 
 
 
